In this paper, we present some necessary and sufficient conditions under which an irreducible polynomial is self-reciprocal (SR) or self-conjugatereciprocal (SCR). By these characterizations, we obtain some enumeration formulas of SR and SCR irreducible factors of x n − λ, λ ∈ F * q , over F q , which are just open questions posed by Boripan et al (2019) . We also count the numbers of Euclidean and Hermitian LCD constacyclic codes and show some well-known results on Euclidean and Hermitian self-dual constacyclic codes in a simple and direct way.
Introduction
In coding theory, cyclic codes have been extensively investigated due to efficient error detection and correction. Self-reciprocal (SR) polynomials were first used to characterize when a cyclic code is reversible by Massey [31] in 1964. Since then, some properties of SR polynomials are widely studied, see [13, 14, 16, 17, 18, 19, 20, 35] . They also have applications in many areas of research, in particular in coding theory, see Euclidean linear complementary dual (LCD) cyclic codes [22, 23, 33] and Euclidean self-dual cyclic codes [8, 21] .
Constacyclic codes is a well-known generalization of cyclic codes. SR polynomials can be also used to investigate Euclidean LCD and self-dual constacyclic codes, see [32] . Next let us introduce the definition of constacyclic codes over finite fields. Let F q be a finite field of order q, where q is a power of some prime p. An [n, k, d] linear code C over F q is a k-dimensional subspace of F n q with minimum Hamming distance d. For λ ∈ F * q , the ring Fq[x]
x n −λ is a principle ideal ring, i.e., every ideal can be generated by a monic divisor of x n − λ. A λ-constacyclic code of length n over F q can be viewed as an ideal g(x) in the ring Fq[x] x n −λ , where g(x) | (x n − λ). Hence the irreducible factorization of x n − λ in F q [x] determines all λ-constacyclic codes of length n. When p ∤ n, a λ-constacyclic code is called a simple-root constacyclic code. When p | n, a λ-constacyclic code is called a repeated-root constacyclic code. When λ = 1 and λ = −1, λ-constacyclic codes are known as cyclic codes and negacyclic codes, respectively. For more details about constacyclic codes, the reader is referred to [4, 5, 6, 7, 9, 10, 11, 12, 26, 28, 32, 36] .
Most recently, Boripan et al. [1] introduced the concept of self-conjugate-reciprocal (SCR) polynomials over F q 2 . They gave a characterization of SCR irreducible factors of x n − 1 and presented a recursive formula for the number of such factors.
In this paper, we focus on SR and SCR irreducible factors of x n − λ, where λ is a nonzero element. In Section 2, we deal with SR irreducible factors. First, we give a characterization of SR irreducible polynomials. Second, we obtain an enumeration formula of SR irreducible factors of x n − λ over F q . Final, we apply these results to count the number of Euclidean LCD constacyclic codes and prove some known results on Euclidean self-dual constacyclic codes in a simple and direct way. In Section 3, we deal with SCR irreducible factors of x n − λ over F q 2 . In Section 4, we conclude this paper.
For convenience, we introduce the following notations in this paper. q a power of a prime p,
the Euler's totient function, i.e., the number of positive integers i, 1 ≤ i ≤ n, with gcd(i, n) = 1, rad(n) the product of distinct prime divisors of a given integer n, ord n (m) the order of m modulo n if gcd(m, n) = 1, v p (n) the maximum number k such that p k | n and p k+1 ∤ n, f * (x) the reciprocal polynomial of the polynomial f (x), f † (x) the conjugate reciprocal polynomial of the polynomial f (x), N 1 the number of irreducible factors of x n − λ over F q , N 2 the number of SR irreducible factors of x n − λ over F q , M 1 the number of irreducible factors of x n − λ over F q 2 , M 2 the number of SCR irreducible factors of x n − λ over F q 2 .
Self-reciprocal polynomials
In this section, we deal with SR polynomials over finite fields.
2.1.
A general characterization of self-reciprocal polynomials. 
with a 0 = 0. Then the reciprocal polynomial f * (x) of f (x) is defined by
Lemma 2.2. Let s be a positive integer, t ≥ 2 a positive integer, and l an odd prime. If there exists a positive integer w such that s w ≡ −1 (mod l), then there exists a positive integer w ′ such that s w ′ ≡ −1 (mod l t ) and v 2 (w) = v 2 (w ′ ). In fact, we can take w ′ = wl t−1 .
Proof. Let s w ≡ −1 (mod l). Then l | s w + 1. Since s wl +1
Hence we can take w ′ = wl t−1 such that s w ′ ≡ −1 (mod l t ) and v 2 (w ′ ) = v 2 (w). This completes the proof. Theorem 2.3. Let n = 2 v 2 (n) p α 1 1 p α 2 2 · · · p α l l be the prime factorization, where p 1 , . . . , p l are distinct odd primes and α 1 , . . . , α l are positive integers. Let F q be a finite field with gcd(n, q) = 1. Suppose that f (x) is an irreducible factor of Φ n (x) over F q , where Φ n (x) is the cyclotomic polynomial of order n. Then the following are equivalent:
(1) The polynomial f (x) is SR.
(2) There exists a positive integer w such that q w ≡ −1 (mod n).
Proof. (1) ⇐⇒ (2). Let Z n be the ring of integers modulo n. For convenience, let Z n = {0, 1, 2, . . . , n − 1}. For an element s ∈ Z n , the q-cyclotomic coset of s modulo n is C s = {s, sq, sq 2 , . . . , sq (ls−1) } mod n ⊆ Z n , where l s is the smallest positive integer such that s ≡ sq ls (mod n) and |C s | = l s . Let m = ord n (q) and α a generator of F * q m . Then β = α q m −1 n is an element of order n in F q m . Suppose that f (x) is the minimal polynomial of β s over F q , where gcd(s, n) = 1 and deg(f (x)) = l. Then the q-cyclotomic coset corresponding to f (x) is C s = {s, sq, sq 2 , . . . , sq (l−1) }.
By the definition, the q-cyclotomic coset corresponding to the reciprocal polynomial of f (x) is
Hence f (x) is SR if and only if C s = C −s if and only if there exists a positive integer w such that q w ≡ −1 (mod n).
(2) =⇒ (3). Suppose that there exists a positive integer w such that q w ≡ −1 (mod n). Then
Let d i = ord p i (q), i = 1, . . . , l. Then there exists a positive integer w such that
. Hence w is odd and δ = 1. Since q is odd and
This completes the proof.
Enumeration formulas.
In this subsection, we will give some enumeration formulas of numbers of irreducible factors and SR irreducible factors of x n − λ over F q , where λ is a nonzero element of order r in F q .
Suppose that ζ nr is a primitive nr-th root of unity in an extension field of F q , λ = ζ n nr , and s is a positive integer with gcd(s, r) = 1. Then
The multiset
is called the root distribution of x n − λ s . Theorem 2.4. Suppose that λ is a nonzero element of order r in F q . Let n = n 1 n 2 be a positive integer, gcd(n, q) = 1, rad(n 1 ) | rad(r), and gcd(n 2 , r) = 1. Then for all integers s, 1 ≤ s ≤ r, gcd(s, r) = 1,
where (n 1 φ(d)) × (rdn 1 ) means that rdn 1 repeats n 1 φ(d) times in the multiset.
Proof. By x n − λ s = n−1 i=0 (x − ζ s+ri nr ), the order of each ζ s+ri nr is nr gcd(s + ri, nr) = r · n gcd(s + ri, n) .
Then the root distribution of x n − λ s is given by the following multiset
To prove the result, it is suffice to determine the multiset
for any integer s with 1 ≤ s ≤ r and gcd(s, r) = 1. Let n = n 1 n 2 , where rad(n 1 ) | rad(r) and gcd(n 2 , r) = 1. Since gcd(s, r) = 1, gcd(s + ri, n 1 ) = 1. Then by gcd(r, n 2 ) = 1 and rZ n 2 = Z n 2 ,
The result follows from rn d = rn 1 · n 2 d .
Theorem 2.5. Suppose that λ is a nonzero element of order r in F q . Let n = n 1 n 2 be a positive integer, gcd(n, q) = 1, rad(n 1 ) | rad(r), and gcd(n 2 , r) = 1.
(1) Then
(2) The number of irreducible factors of x n − λ over F q is
.
(3) The number of self-reciprocal irreducible factors of x n − λ over F q is
where S(n, r) = d | n 2 : there exists a positive integer w such that q w ≡ −1 (mod rdn 1 ) .
Proof.
(1) By the process of proving Theorem 2.4, the root distribution of x n − λ s is
By gcd(n 2 , rn 1 ) = 1,
(2) Note that
The degree of Φ r (x n ) is nφ(r). By Theorem 2.4 and Φ rdn 1 (x) | Φ r (x n ) for each d | n 2 , the number of irreducible factors of x n − λ over F q is
(3) The result follows from (2) and Theorem 2.3. This completes the proof.
We give two examples to illustrate Theorem 2.5.
Example 2.6. Let q = 7 and n = 27. Then the number of irreducible factor and the number of self-reciprocal irreducible factors of x n − λ over F q are given in Table  1 . These results are confirmed by Magma. Example 2.7. Let q = 19 and n = 36. Then the number of irreducible factor and the number of self-reciprocal irreducible factors of x n − λ over F q are given in Table  2 . These results are confirmed by Magma. For two vectors x = (x 0 , x 1 , . . . , x n−1 ) and y = (y 0 , y 1 , . . . , y n−1 ) ∈ F n q , the Euclidean inner product is defined as x, y E = n−1 i=0 x i y i . For a λ-constacyclic code C of length n over F q , the Euclidean dual code of C is defined as
is a λ-constacyclic code length n over F q . As we know, the generator polynomial of
Lemma 2.8. Let F q be a finite field and λ ∈ F * q . Let n be a positive integer and gcd(n, q) = 1. Suppose that C is a λ-constacyclic code and x n − λ has the following irreducible factorization over F q :
where u, v are nonnegative integers, e i (x), 1 ≤ i ≤ u, are SR, and f * j (x) are the reciprocal polynomial of f j (x), 1 ≤ j ≤ v. Then (1) C = g(x) is an Euclidean LCD code if and only if g(x) is SR i.e., g(x) has the following form:
is Euclidean self-dual if and only if u = 0 and g(x) has the following form:
Proof. If C = g(x) is a λ-constacyclic code of length n over F q , then C ⊥ E = h * (x) , where h(x) = x n −λ g(x) . Then C is Euclidean LCD if and only if lcm(g(x), h * (x)) = x n −λ and C is Euclidean self-dual if and only if g(x) = h * (x). This completes the proof.
For the case of Euclidean LCD constacyclic codes, it was shown that any λconstacyclic code with λ / ∈ {−1, 1} is an LCD code in [11] . For any λ ∈ F * q , x n − λ is SR if and only if λ 2 = 1. Theorem 2.9 (Euclidean LCD constacyclic codes). Let F q be a finite field. Let n be a positive integer and gcd(n, q) = 1. Then there are three cases.
(1) If λ / ∈ {−1, 1}, then any λ-constacyclic code is an Euclidean LCD code. Euclidean LCD negacyclic codes, where N 2 is given in Eq.
Proof. The results follow from Theorem 2.5 and Lemma 2.8 (1). Theorem 2.10 (Euclidean self-dual constacyclic codes). Let F q be a finite field. Let n = 2 v 2 (n) n ′ be a positive integer, v 2 (n) > 0, and gcd(n, q) = 1.
(1) There is no Euclidean self-dual cyclic codes of length n over F q .
(2) Euclidean self-dual negacyclic codes of length n over F q exist if and only if q ≡ −1 (mod 2 v 2 (n)+1 ).
Proof. (1) Since x − 1 is always SR irreducible factor of x n − 1 over F q , by Lemma 2.8 (2) the result holds.
(2) By Theorem 2.5, q is odd, r = 2, n 1 = 2 v 2 (n) , n 2 = n ′ , and S(n, 2) = d | n ′ : there exists a positive integer w such that q w ≡ −1 (mod 2 v 2 (n)+1 d). .
If Euclidean self-dual negacyclic codes of length n over F q exist, then every irreducible factor of Φ 2 v 2 (n)+1 d (x) is not SR over F q for each d | n ′ , i.e. S(n, 2) = ∅. Hence q ≡ −1 (mod 2 v 2 (n)+1 ).
Conversely, if there is no Euclidean self-dual negacyclic codes of length n over F q , then there exists some d ∈ S(n, 2) and some positive integer w such that q w ≡ −1 (mod 2 v 2 (n)+1 d) by Theorem 2.3, i.e. S(n, 2) = ∅. Hence q w ≡ −1 (mod 2 v 2 (n)+1 ). By the proof of Theorem 2.3, q ≡ −1 (mod 2 v 2 (n)+1 ).
Remark 2.11. Theorem 2.10 (2) has been proved in [2, Theorem 3].
Self-conjugate-reciprocal polynomials
In this section, we deal with self-conjugate-reciprocal polynomials over finite fields.
3.1.
A general characterization of self-conjugate-reciprocal polynomials.
Definition 3.1.
[1] Let F q 2 be a finite field and f (x) = x n + a n−1 x n−1 + · · · + a 1 x + a 0 ∈ F q 2 [x]
with a 0 = 0. Then the conjugate-reciprocal polynomial f † (x) of f (x) is defined by
Theorem 3.2. Let n = 2 v 2 (n) p α 1 1 p α 2 2 · · · p α l l be the prime factorization, where p 1 , . . . , p l are distinct odd primes and α 1 , . . . , α l are positive integers. Let F q 2 be a finite field and gcd(n, q) = 1. Suppose that f (x) is an irreducible factor of Φ n (x) over F q 2 . Then the following are equivalent:
(1) The polynomial f (x) is SCR.
(2) There exists an odd positive integer w such that q w ≡ −1 (mod n).
(3) q ≡ −1 (mod 2 v 2 (n) ) and v 2 (d 1 ) = · · · = v 2 (d l ) = 1, where d i is the order of q modulo p i , 1 ≤ i ≤ l.
Proof. (1) ⇐⇒ (2) . Suppose that f (x) is the minimal polynomial of β s over F q 2 , where gcd(s, n) = 1 and deg(f (x)) = l. Then the q-cyclotomic coset corresponding to f (x) is C s = {s, sq 2 , sq 4 , . . . , s(q 2 ) (l−1) }.
Similar to the proof of Theorem 2.3, the q 2 -cyclotomic coset corresponding to the conjugate-reciprocal polynomial of f (x) is
Hence f (x) is SCR if and only if C s = C −sq if and only if there exists a positive integer k such that s(q 2 ) k ≡ −sq (mod n) if and only if there exists an odd positive integer w such that q w ≡ −1 (mod n).
(2) ⇐⇒ (3). This result follows from the proof of Theorem 2.3. This completes the proof.
Enumeration formulas.
By Theorem 3.2, we have the following result analogous to Theorem 2.5.
Theorem 3.3. Suppose that λ is a nonzero element of order r in F q 2 . Let n = n 1 n 2 be a positive integer, gcd(n, q) = 1, rad(n 1 ) | rad(r), and gcd(n 2 , r) = 1. Then (1) The number of irreducible factors of x n − λ over F q 2 is
(2) The number of self-reciprocal irreducible factors of x n − λ over F q 2 is
where T (n, r) = d | n 2 : there exists an odd positive integer w such that q w ≡ −1 (mod rdn 1 ) . Corollary 3.4. Let q be a prime power and let l 1 , l 2 , . . . , l t be distinct odd primes relatively prime to q. For each 1 ≤ i ≤ t, let r i be a positive integer and let ord l i (q) = 2 a i b i , where a i ≥ 0 is an integer and b i ≥ 1 is an odd integer.
(1) If there exists j ∈ {1, 2, . . . , t} such that a j = 0 or a j ≥ 2, then
(2) If a 1 = a 2 = · · · = a t = 1 and n = t i=1 l r i i , then the number of SCR irreducible factors of x n − 1 over F q 2 is
(3) If a i = 1 for all i ∈ {1, 2, . . . , t} and n = t i=1 l r i i , then the only SCR irreducible factors of x n − 1 over F q 2 is x − 1.
We give two examples to illustrate Theorem 3.3.
Example 3.5. Let q = 16 and n = 27. Then the number of irreducible factors and the number of self-reciprocal irreducible factors of x n − λ over F q are given in Table  3 . These results are confirmed by Magma. Example 3.6. Let q = 25 and n = 36. Then the number of irreducible factors and the number of self-reciprocal irreducible factors of x n − λ over F q are given in Table  4 . These results are confirmed by Magma. For two vectors x = (x 0 , x 1 , . . . , x n−1 ) and y = (y 0 , y 1 , . . . , y n−1 ) ∈ F n q 2 , the Hermitian inner product is defined as x, y H = n−1 i=0 x i y q i . For a λ-constacyclic code C of length n over F q 2 , the Hermitian dual code of C is defined as
is a λ-constacyclic code of length n over F q 2 , then the generator polynomial of C ⊥ H is h † (x), where h † (x) is the conjugate-reciprocal polynomial of h(x) = x n −λ g(x) . We have the following result analogous to Lemma 2.8, Lemma 3.7. Let F q 2 be a finite field and λ ∈ F * q 2 . Let n be a positive integer and gcd(n, q) = 1. Suppose that C is a λ-constacyclic code and x n − λ has the following irreducible factorization over F q 2 :
where u, v are nonnegative integers, e i (x), 1 ≤ i ≤ u, are SCR, and f * j (x) are the conjugate-reciprocal polynomial of f j (x), 1 ≤ j ≤ v. Then (1) C = g(x) is a Hermitian LCD code if and only if g(x) is SCR i.e., g(x) has the following form:
is Hermitian self-dual if and only if u = 0 and g(x) has the following form:
For the case of Hermitian LCD constacyclic codes, it was shown that any λconstacyclic code over F q 2 with λ 1+q = 1 is an LCD code in [30, Corollary 3.3] . For any λ ∈ F * q 2 , x n − λ is SCR if and only if λ q+1 = 1. By Theorem 3.3 and Lemma 3.7 (1), we have the following theorem.
Theorem 3.8 (Hermitian LCD constacyclic codes). Let F q 2 be a finite field. Let n be a positive integer and gcd(n, q) = 1.
(1) If λ q+1 = 1, then any λ-constacyclic code is a Hermitian LCD code.
(2) If λ q+1 = 1, then there are 2 n+M 2 2
Hermitian LCD λ-constacyclic codes, where M 2 is given in Eq. (3.1). Theorem 3.9 (Hermitian self-dual constacyclic codes). Let F q 2 be a finite field of odd order q 2 . Let λ a nonzero element of order r = 2 v 2 (r) r ′ in F q 2 and r | (q + 1). Let n = 2 v 2 (n) n ′ = n 1 n 2 be a positive integer, v 2 (n) > 0, gcd(n, q) = 1, rad(n 1 ) | rad(r), and gcd(n 2 , r) = 1. Then Hermitian self-dual λ-constacyclic codes of length n over F q 2 exist if and only if v 2 (r) > 0 and q ≡ −1 (mod 2 v 2 (n)+v 2 (r) ).
Proof. By Lemma 3.7 (2) and Theorem 3.2, Hermitian self-dual λ-constacyclic codes of length n over F q 2 exist if and only if for any d | n 2 , q w ≡ −1 (mod rdn 1 ) for every odd integer w.
If v 2 (r) = 0, i.e., r is odd, then n 1 is odd and rad(rn 1 ) | (q+1). By Lemma 2.2, there exists a positive integer w such that q w ≡ −1 (mod rn 1 ), which is a contradiction. Therefore we have v 2 (r) > 0.
If r is even, then v 2 (rdn 1 ) = v 2 (n 1 ) + v 2 (r) = v 2 (n) + v 2 (r) for each d | n 2 . Then q w ≡ −1 (mod rdn 1 ) implies that q ≡ −1 (mod 2 v 2 (n)+v 2 (r) ).
On the other hand, if r is even and q ≡ −1 (mod 2 v 2 (n)+v 2 (r) ), then there are no irreducible SCR polynomial of order rdn 1 , d | n 2 over F q 2 as 2 v 2 (n)+v 2 (r) | rdn 1 . By Lemma 3.7, there exist Hermitian self-dual λ-constacyclic codes of length n over F q 2 .
Remark 3.10. Theorem 3.9 has been proved in [34, Theorem 3.9 ].
Concluding remarks
In this paper, we presented some general characterizations on self-reciprocal (SR) and self-conjugate-reciprocal (SCR) irreducible polynomials over finite fields. By using these characterizations, we obtained some enumeration formulas of SR and SCR irreducible factors of x n − λ over finite fields; counted the numbers of Euclidean and Hermitian LCD constacyclic codes; proved some well-known results on Euclidean and Hermitian self-dual constacyclic codes by a simple and direct way.
Recently, many scholars investigated Galois constacyclic codes over finite fields, see [3, 15, 25, 26, 27, 29, 30] . Motivated by their work, we introduce the definition of σself-reciprocal polynomials over finite fields. Let F q be a finite field of order q and σ be an automorphism over some subfield of F q . Then the σ-reciprocal polynomial of f (x) ∈ F q [x] is defined by σ(f * (x)). Moreover, f (x) is called σ-self-reciprocal polynomial if f (x) = σ(f * (x)). It may be interesting to investigate some properties and applications of these σ-self-reciprocal polynomials.
